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Abstract
In this paper, authors have investigated wave distribution caused by the mechanical structure of a passenger bus body frame and 
its parameters based on the theory of covariance functions. Authors have measured the intensity of vibrations at fixed points.  Time 
scale analyses were conducted based on data arrays (matrixes). The estimates of covariance functions clearly showed that changes in 
the state of the bus mechanical structure invariably impact changes of the intensity of vibration signals at the relevant points. In the 
analysis, software Matlab 7 was applied.
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1 Introduction
Bus utilization specialists keep searching for innovative 
methods and actions to simplify the technical inspection 
of bus body frame solidity. The aim of these investiga-
tions is to ensure the reliability and the passenger com-
fort of transportation by bus. Reducing the time and cost 
of vehicle maintenance is possible by non-destructive 
testing. In this paper, an analysis of digital signals of a 
mechanical object's vibration parameters is carried out 
upon the application of the theory of random functions 
(Kilikevičienė et al., 2015).
The theoretical model is based on the concept of station-
ary random function. The authors have taken into account 
that the errors of measuring the vibration parameters are 
random and the average error M const∆ = → 0, their dis-
persion D const∆ = ,  and covariance function of digital 
signals depends only on the difference between the argu-
ments, i.e. on the quantization interval on the time scale.
Estimates of the covariance functions of two vibration 
signals or the covariance functions of a single signal are 
calculated upon transformation. For processing the digi-
tal signals the theory of wavelet functions (Kardoulas et 
al., 1996; Eliason and McEwen, 1990; Hunt et al., 1993; 
Antoine, 2000; Dutkay and Jorgensen, 2004) were applied.
Wavelet analysis has recently been recognized as a tool 
for important applications in time series, function estima-
tion and image analysis. According to the development 
in the most recent wavelet methods, the fundamentals of 
the field are not yet widely understood, and their prac-
tical application is hard to find. Wavelets are an increas-
ingly and widely used tool in many applications of both 
signal and image processing. Applications in remote sens-
ing include the combination of different resolution images, 
compression, and the provision of edge detection methods. 
Researcher Horgan (1998) reviewed the basic ideas of wave-
lets in order to represent information as signals; such as 
time series and images, and described how wavelet shrink-
age is applied to smooth these signals. This was illustrated 
by the application of a synthetic aperture radar image.
The temporal dependence of a stationary stochastic 
process is characterized by its auto-covariance function 
or, alternatively by its Fourier transformed spectral den-
sity function. Data reconciliation can be used for filtering, 
to improve measurement reliability and precision, and it 
is also applicable for the estimation of unmeasured vari-
ables. These features make the process a valuable mea-
surement tool. In these cases, strategic variables are only 
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measured with limited reliability or in some cases some 
variables were simply not measured due to technical or 
economic constraints (Hodouin and Flament, 1991; Mah, 
1990; Narasimhan and Jordache, 2000; Romagnoli and 
Sanchez, 2000).
This paper analyses the digital signal estimates of bus 
body frame vibration, carried out upon application of ran-
dom function theory.
2 A covariance model of vibration parameters
In this paper a theoretical model was applied, where the 
authors considered random errors in measurement. The 
trend of the measuring data was statistically eliminated. 
The authors have considered the random function and its 
average value M t constφ ( ){ }→ ,  and covariance function 
depends only on the difference of arguments – Kφ τ( ). 
The auto-covariance function of a single data array or the 
cross-covariance function of two data arrays Kφ τ( )  shall 
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Where δφ δφ τ1 1u u( ) +( ),  is the centered values of vibra-
tion intensity measurements, u is vibration parameter, 
τ = ⋅k ∆  is variable quantization interval, k is the number 
of units of measurement, Δ is the value of a unit of mea-
surement, T is time.
According to available data on measurements of vibra-
tion parameters, the estimate ′ ( )Kφ τ  of covariance func-
tion is calculated as follows:
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where n is the total number of discrete intervals.
Formula (Eq. (2)) may be applied in the form of an 
auto-covariance function or a cross-covariance func-
tion. When the function is an auto-covariance function, 
the arrays φ1 u( )  and φ τ2 u +( )  are parts of single arrays, 
while when the function is a cross-covariance function, 
they are two different arrays. The estimate of a normed 
covariance function is:



















where ′σφ  is the estimate of the standard deviation of a 
random function.
For elimination of the trends of columns in the i-th digital 
array of measurements, the following formulas are applied:
δϕ ϕ ϕ δϕ δϕi i i
T
i ime= − ⋅ = ( )1,..., ,
   
(4)
where δφi is the i-th digital array of reduced values where 
a trend of column is eliminated; φi is the i-th array of the 
vibration intensity, e is a unit vector with the sizes (n × 1); 
n is the number of lines in the i-th array, ϕi  is the vector 
of average values of columns in the i-th array, δφij is the 
j-th column (vector) of the reduced values in the i-th array.
The vector of average values of columns in the i-th 
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A realization of the random function of the j-th column 
of the i-th array of vibration intensity in form of vectors 
shall be expressed as follows:
δϕ δϕ δϕij ij ij m= ( ), ,,..., .1  (6)
The estimate of the covariance matrix of the i-th array 












The estimate of covariance matrix of two arrays of 











where the sizes of δφi , δφj arrays should be the same.
The estimates ′( )K iδφ  and ′( )K i jδφ δφ,  of covariance 
matrixes are reduced into estimates of matrixes of cor-
relation coefficients ′( )R iδφ  and ′( )R i jδφ δφ,  (Skeivalas 
et al., 2010; 2015):
′( ) = ′( )− −R D K Di i i iδϕ δϕ1 2 1 2 ,  (9)
′( ) = ′( )− −R D K Dj ij i j ijδϕ δϕ δϕ δϕ, , ,/ /1 2 1 2  (10)
where Di , Dij are the diagonal matrixes of members of 
principal diagonals in the estimates of covariance matrixes 
′( )K iδφ  and ′( )K i jδφ δφ, , respectively.
The accuracy of the calculated coefficients of correla-
tion is defined by the standard deviation σr , and the value 
of the latter is assessed according to the following formula:
σ r n
r= ( )1 1 2 ,  (11)
where n = 8000,  r is the coefficient of correlation. The 
maximum value of the standard deviation is obtained when 
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the value of r is close to zero and in this case, ′ ≈σ r 0 01. , 
when r ≈ 0.5, we obtain ′ ≈σ r 0 008. .
3 The results of the experiment and the analysis
The values of vibration signals were measured in 4 points 
of the frame of the bus upon the following three states:
1. Idle state of the bus engine;
2. Operating state of the bus engine;
3. Vertical shock excitation of the bus body, and mea-
surement in the vertical direction.
The data arrays of measuring the relevant parameters 
of vibration signals were formed on measuring wavelets of 
the bus frame upon using the following devices:
Portable measurement data processing, storage and con-
trol equipment "3660-D" (Fig. 1(a)) from "Bruel and Kjear" 
company; Computer DEEL (Fig. 1(a)); Accelerometers 
8344 (Fig. 1(b)).
Vectors of vibration signals were measured in the 4 
points of the bus frame and measurement data arrays of 
4 vectors were obtained for three states. The signals were 
fixed in the interval τ∆ = ⋅
−
2 44140630 10
4.  s on the time 
scale. Each vector of an array included n =16386  values 
of vibration signals.
Wavelets were measured in certain points of the bus 
frame and the suspension (shown in Fig. 2) in a quies-
cent state (i.e. when the bus was not affected by external 
excitation), upon starting the engine and upon shock exci-
tation. The measurements were carried out in the vertical 
position. In Fig. 3, the views of the measurement points are 
provided. The measurement results are presented in Fig. 4, 
Fig. 5 and Fig. 6 (b).
The data arrays for the three states of the bus obtained 
in the measurement data processing procedures were used 
to form two data groups, where the measurement data of 
two states of the bus were used in each group.
The first group was formed upon applying the data 
obtained:
• while the engine of the bus was in idle state;
• while the engine of the bus was in operating state.
Fig. 1 The tools  for measuring the wavelet parameters: a) portable measurement data processing, storage and control equipment "3660-D" with 
DELL computer; b) accelerometer 8344
(a) (b)
Fig. 2 The scheme of the bus frame and the suspension wavelet measurement points: a) the view of the frame; b) the bottom view
(a) (b)
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(a) (b)
(c)
Fig. 3 The bus frame and suspension wavelet measurement points: a) the points of the front suspension of the bus (Fig. 2, the points 1P and 2P); b) the 
points of the frame in the middle of the bus (Fig. 2, the points 3R and 4R); c) the points of the rear suspension of the bus (Fig. 2, the points 3P and 4P)
Fig. 4 The diagrams of time signal of absolute wavelet vertical acceleration amplitude in the middle points of the frame (Fig. 2, the points 3R and 4R) 
and the suspension (Fig. 2, the points 1P and 4P) as well as the autospectrum signal in the idle state
The second group was formed upon applying the data 
obtained:
• during vertical shock excitation of the bus and mea-
surement in the vertical direction has taken place;
• while the engine of the bus was in operating state.
The arrays of the measuring data were processed 
according to the custom software upon applying operators 
of Matlab 7 program package.
The values of quantization intervals of the normed 
covariance functions vary from 1 to n/2, where n =16386  
– the number of lines (values) of the wavelet signal vec-
tors in an array. An array of measuring wavelet signals 
consists of 4 vectors (columns) for each state of the vehi-
cle, where each point of the vehicle surface corresponds 
to one vector of the measurement results. For each vector, 
the estimate ′ ( )Kϕ τ  of the normed covariance function 
Kϕ τ( )  was calculated and 4 graphical expressions of the 
normed covariance functions were obtained for each state. 
In addition, the estimates of the normed cross-covariance 
functions ′ ( )Kϕ τ  according to the vectors of all 4 points 
and 56 graphical expressions of these were obtained.
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For measurements in each state, four points of the bus 
frame (3R, 4R, 1P, 4P) were used, and a vector of the mea-
surement results was obtained for each point. Altogether, 
4 measurement vectors were obtained for each state. In 
order to simplify numbering of the vectors, a new first in 
first out numeration (1, 2, 3, 4) was applied in the calcula-
tion procedures. When vectors for both states were united 
into one system, they were numbered (1, 2, 3, 4; 5, 6, 7, 8).
The normed auto-covariance functions have the maxi-
mum correlation coefficient r =1 0.  when the quantization 
interval k sk= =( )0 0τ .
Let’s analyze the results of processing the first group of 
measurement data arrays. The expressions of the normed 
auto-covariance functions of vibration signals at the 4 pre-
selected points of the mechanical structure of the vehicle 
(3R, 4R, 1P, 4P) in two states are of irregular "undamped" 
periodical character and the values of their correlation 
coefficients vary in the range r → − −1 0 0 5 0 1. . .  at all 
values of quantization interval k. It is evident that the peri-
odic character of the normed auto-covariance functions is 
a trace of the periodicity of the measured vibration signals.
The normed cross-covariance functions also become 
of irregular periodical character, and have small val-
ues of the correlation coefficients that vary in the range 
r → − −0 5 0 2 0 01. . .  at all values of quantization interval 
k in the both states of the bus. Several cross-covariance 
functions have the values of the correlation coefficients 
close to r → −0 4 0 5. . , caused by the following vectors:
• 3R and 4R (the state 1), r → −0 5 0 2. . ;
• 3R and 1P (the state 1), r → −0 4 0 2. . ;
• 4R and 1P (the state 1), r → −0 4 0 2. . ;
• 3R and 4R (the state 2), r → −0 45 0 15. . .
Fig. 5 The diagrams of time signal of absolute wavelet vertical acceleration amplitude in the middle points of the frame (Fig. 2 above, the points 3R 
and 4R) and the suspension (Fig. 2 above, the points 1P and 4P) as well as the autospectrum signal when the engine is started
Fig. 6 The diagrams of time signal of absolute wavelet vertical acceleration amplitude in the middle points of the frame (Fig. 2 above, the points 3R 
and 4R) and the suspension (Fig. 2 above, the points 1P and 4P) as well as the autospectrum signal upon a shock excitation in the middle of the bus
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So, when the vehicle frame is in an idle state and when 
the engine is operating, the cross correlation between the 
vibration signals of vectors of the points is low but the 
maximum values of the correlation coefficients for several 
vectors of points are r → −0 4 0 5. . .
The most important graphical expressions of auto-co-
variance and cross-covariance functions of the first group 
vibration signals are shown in Figs. 7–11. Fig. 12 provides 
the graphical view of the generalized (spatial) correlation 
matrix of 8-vector array for 4 points of the vehicle in two 
states. The expression of the correlation matrix turns into a 
block of 8 pyramids where the values of correlation coeffi-
cients are shown as colors of the spectrum. The chromatic 
projection of the pyramids is shown in the horizontal plane.
Fig. 7 The normed auto-covariance function of the vibration signals at 
the point 3R when the engine is in idle state
Fig. 8 The normed auto-covariance function of the vibration signals at 
the point 3R when the engine is in operating state
Fig. 9 The normed cross-covariance function of the vibration signals at 
the points 3R and 4R when the engine is in idle state
Fig. 10 The normed cross-covariance function of the vibration signals 
at the points 4R and 1P when the engine is in idle state
Fig. 11 The normed cross-covariance function of the vibration signals 
at the points 3R and 4R when the engine is in idle state
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Let's analyze the results of processing the second 
group of measurement data arrays. The expressions of the 
normed auto-covariance functions for 4 points of the vehi-
cle body frame (3R, 4R, 1P, 4P) in the second state are of 
low periodicity, and the values of correlation coefficients 
decrease from r →1 0.  to r → 0 1. . In the first state, 
the estimates of auto-covariance functions decrease from 
r k→ →( )1 0 0.  to r → 0  at the values of quantization 
interval k sk→ →( )5000 1 2τ . .
The estimates of normed cross-covariance functions 
become low at all values of quantization interval k in both 
states of the bus and the correlation coefficient r → 0  
at k sk→ →( )5000 1 22τ . . The estimates of several 
cross-covariance functions are somewhat higher, when 
r → −0 7 0 45. .  and it is caused by the vectors of vibra-
tion signals at the relevant points:
• 3R and 4R (the state 1), r → −0 7 0 1. . ;
• 1P and 4P (the state 1), r → −0 5 0 0. . ;
• 3R and 4R (the state 2), r → − −0 45 0 15 0 0. . . .
So, cross correlation between the vectors of vibration 
signals at the said points is low, when r → − −0 3 0 2 0 02. . .  . 
However, cross correlation between the points 3R and 4R 
(the state 1) is considerably higher and the value of the cor-
relation coefficient is the maximum r → 0 7. .
An important graphical expression of auto-covariance 
and cross-covariance functions for vibration signals of 
the second group is provided in Figs. 13–16. At Fig. 17, a 
graphical expression of the generalized (spatial) correla-
tion matrix of the array of 8 vectors of vibration signals at 
4 points in two states is provided.
Fig. 12 The graphical expression of the generalized (spatial) correlation 
matrix of the array of 8 vectors of 4 points of the bus body frame in two 
states
Fig. 13 The normed auto-covariance function of vibration signals at the 
point 1P upon shock excitation
Fig. 14 The normed cross-covariance function of vibration signals at 
the points 3R and 4R upon shock excitation
Fig. 15 The normed cross-covariance function of vibration signals at 
the points 1P and 4P upon shock excitation
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